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ON SCHRODINGER'S EQUATION, 3-DIMENSIONAL 
BESSEL BRIDGES, AND PASSAGE TIME PROBLEMS 

GERARDO HERNANDEZ-DEL- VALLE 



Abstract. In this work we relate the density of the first-passage 
time of a Wiener process to a moving boundary with the three di- 
mensional Bcsscl bridge process and a solution of the heat equation 
with a moving boundary. We provide bounds. 



1. The problem 



Oh 
c- 1 Problem 1.1. The main motivation of this work is to find the density 

of the first time T, that a one- dimensional, standard Brownian motion 

B, reaches the moving boundary f : 



(1) T:=infO>0|£ t = /(*)} 

where f(t) := a + f Q f'(u)du, f"(t) > 0, and J (f'(u)) 2 du < oo for all 
t > 0. 



> 

OO 

On 

O 

• Alternatively, assuming the previous assumptions: 

O 

Q Proposition 1.2. Given that 



i .2 

o a 



(2) h(s,a):=-j==e W l--\ s>0, aE 



d is the density of the first time that B reaches the fixed level a, the 

process X is a 3-dimensional Bessel bridge, which has the following 
dynamics: 

dX t = dW t + I ^ - -^ ) dt, X = a, te [0, s). 
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(Where W is a Wiener process.) Then, the distribution of T equals 



P(T < t) 



(3) 



E exp {—J f"(u)X u du 

1 rs 
x exp 

'o 



(f'(u)) 2 du- f'(0)a\h(s,a)ds 



Proof. From Girsanov's theorem, the fact that the boundary / is twice 
continuously different iable, the following Radon-Nikodym derivative: 



dP, , 

— -(£) := exp 

dF 



f'(s)dB s -\! {f{s)fds 

A Jo 



exp -/'(t)5 t + / f"(s)B s ds 



1 



(f'(s)fds 



is indeed a martingale [Novikov's condition] and induces the following 
relationship: 



P(T < t) 



E 



E 






dp (T)I( ^ 



E 






T 



/i(s, a)ds, 



where the second equality follows from the optional sampling theorem, 
and the third from conditioning with respect to T under P, and h is 
defined in g. 

In Revuz and Yor (1999) (Chapter 11), it is shown that calculating: 



(4) 



E 



'^(T) 



T = s 



is equivalent to finding the expected value of a functional of a 3- 
dimensional Bessel bridge X, which at time starts at a and at time 
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s equals 0. Indeed, 



E 



dF 



T = s 



E 



exp < - f(T)a+ / f"{u)B u du 



(f'(u)) 2 du 



T = s 



E 
E 



exp <^ —f'(s)a+ / f"(u)(a- X u )du 



(f'(u)) 2 du 



exp<[ -/'( s ) a + (/'( 5 )-/'(0))a- / f\u)X u du 



(f(u)) 2 du 







(5) 



E 



exp <| - / f"(u)X u du 
1 



x exp 



(/'(«)) 2 d« - /'(0)a 



o 



thus the process a — X equals at £ = 0, and at s reaches level a for 
the first time, as required [see Figures [l]-[3] . 

□ 

From equation ^ it is clear that our next goal is to compute the 
following expected value: 



(6) 



E 



exp 



f"{u)X u du 



Theorem 1.3. Suppose that v(t,a) : [0, s] x IR + — > IR + is continuous, 
is of class C 1 ' 2 and satisfies the Cauchy problem 



(7) - ^ + /"(*)«; = 


1 d 2 v ( 1 a \9n 

2 9a 2 \ a s — tj da 


f(s,a) = 


= 1, a G R + , 


as well as 





[0,s)x 



5 + 



<v{t,a) < 1 V t,ae 
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Then v(t,a) admits the stochastic representation 



v(t, a) = E 



t.a 



cxp 



f"(u)X u du 



Proof. We proceed as in the proof of Theorem 5.7.6, pp. 366-367, 
Karatzas & Shreve (1991). Applying Ito's rule to the process 

v(y,X y ) expl- f"(u)X u du 
y G [t, s], and obtain, with r n := inf{£ < y < s\X y > n}, 



v(t, a) 



E 



t.a 



cxp 



f"(u)X u dU > I(r n >8) 



+E 



t.a 



v(r n ,X Tn )exp 



f"{u)X u du \ Tn < s) 



The second term converges to zero as n — > oo, since 



E 



t.a 



v(r n ,X Tn )exp 



f"{u)X u du\\ Tn < s) 



< E 



t.x 



v(r n ,X Tn )I {Tn < s) 



< r> x (r n < s) 

= ¥' x I max X e > n 
\ t<e<s 



E 



t.x 



< 



max Xn m 
t<e<s 



n 



2rn 



[see Pitman and Yor (1998) for the moments of the running maximum 
of X] . Finally, the first term converges to 



E 



t.a 



cxp 



f"(u)X u du 



either by the dominated or by the monotone convergence theorem. □ 
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2. Solutions of equation (J7j) 
Proposition 2.1. Solutions to (F?l) are of the following fo 

w(t, a) 



form 



v(t, a) 



h(s — t,a) 



- w t (t, a) + f"(t)aw(t, a) = -w aa (t, a). 



where 



and h(s, a) as in 

Proof. Setting 

u(t, a) = l/h(s — t, a) 
and v(t, a) = u(t, a)w(t, a), we have that 

u t (t,a) 
u a (t,a) 

U aa (t } a) 





a 2 


3 


2 


(s-ty 

"1 a 
a s — t 


2{s-t)_ 

u(t, a) 



u(t, a) 



2 a 

+ 



a 2 (s-t) 2 s-t 



u(t, a) 



and 



v t 

'•"XX 



u t w + uw t v x = u x w + uw x 
u xx w + 2u x w w + uw xx . 



Hence from (ul) and rt8J) it follows that 



-u t - -u aa - 

2 \a s — t 



tin 



w 



Ua + 



1 



a s — t 



u 



W a , 



as claimed. 

Theorem 2.2. Solutions to fsl) are given by 

(9) 
W (t,a) = e lJtU'{u)fdu+af>(t)±_ I n( y y-ly 2 {s-t)+iy{a+j°f>(u)du) dy 



271 



D 



|J?CT(«)) a *+a/'(t) w ( a _ tj0+ / f {u)du) 



where u is a solution to the heat equation. 
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Figure 1 . (a) Brownian motion conditioned to hit level 
a for the first time at time s. 




Figure 2. (b) Reflection of the conditioned process. 




Figure 3. (c) Three-dimesional Bessel bridge X 
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Proof. Let 



oo 



(10) w(t,X) := / e~ lXa w(t, a)da 



Applying the Fourier transform to ([8| we have 



-w t (t, A) + if"(t)w x (t, A) + h 2 w{t, A) = i := >/=!. 

Next, set y = A + i/'(i) and w(£, A) = w(t, y), that is: 
w t = w t + if"(t)w y , w x = Wy 



which after substitution in (10) leads to 



-w t (t,y) + ^(y-if'(t)) 2 w(t,y) = 0. 



Consequently 



w(t,y) = U(y)expl-- (y - if(u)) 2 du 

= n(y) exp {-\y 2 {s -t)+iy J' f{u)du + \ J\f{u)fdu^ 
which alternatively implies that 

W (t,a) = — r n(y) e -hy 2 (^)^yi:f'(^+u:(f'(-)) 2 ^e iXa dx 



2n 

— f°° H(y)e^ y2{s ~ t)+iy # /» dM +5 i:U'(u))Uu e iya+af>{t) dl 



— oo 
oo 



= e U t S (f'(n)) 2 du+af(t)J^ f u ^ e -±yl(s-t)+iy(a+f t s f(u)du) dy 

2VT 7-oo 

as claimed. □ 

Theorem 2.3. The density u of the first passage time T defined in 
|7]j ; is bounded by 

/i(s,a)e" a/ ' (0) "5/o(/'( u )) 2d «-/o/"(«)E a (x u )d« 
< to I s, a + / f{u)du 

where u is a solution of the forward heat equation and h is as in 
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Proof. It follows from Jensen's inequality, 

exp j- / f"(u)Wt' a (X u )du\ < E*' a [exp i-j f"(u)X u du\] < 1 

and equations (Jsj) and ([9]). □ 
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